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Beginning Probability

Probability is used to help us make statistical inferences.
As an example, suppose that I claim that I am excellent free
throw shooter, making 80% or more of my free throw shots.

Probability will help us to make judgements concerning the
parameters of interest.
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Useful Definitions

Experiment: A process by which an observation is obtained
(different from types of studies previously discussed)

Sample Space (S): The set of all possible outcomes or results
of an experiment.

Simple event (Ei ): An element of the sample space that cannot
be decomposed into any smaller events.

Complement (E i ): The event that Ei does not occur.
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Definition Example
Suppose we have a jar that contains a penny (P), two nickels
(N1,N2), a dime (D), and a quarter (Q). Three coins are chosen
without replacement. The order in which the coins are chosen is not
important.

Sample Space (S)

Simple event (Ei )

Complement (E i )
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Probability Definitions
Probability: A measure of belief that an event will occur on the next
repetition of an experiment.

Classical Interpretation of Probability: All outcomes in a sample space
are equally likely.

P(E) =
the total number of ways E can occur

the total number of equally likely events

Suppose that we roll two fair die. The probability of obtaining a

sum of 7 is: P(sum of 7) =
6

36
=

1
6

Relative Frequency Interpretation of Probability (Empirical Approach):
The experiment is repeated a large number of times to estimate the
probability.

P(E) =
the number of times E occured

the maximum number of times E could occur

Suppose we simulate flipping a coin to determine the probability
of obtaining a head. We flip the coin 1000 times and obtain a

head 495 times: P(head) =
495
1000

.
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Probability Laws

Suppose Ei is an event in sample space S.
The probability for each Ei in S is between 0 and 1.

The sum of the probabilities of all Ei in S is 1.

The probability of the complement of simple event Ei is one minus the
probability of the simple event.

Two events E1 and E2 are mutually exclusive (disjoint) if when the
experiment is performed a single time, then the occurrence of one of
the events excludes the possibility of the occurrence of the other
event. P(E1 AND E2) = 0

Two events E1 and E2 are independent if the occurrence of event E1 is
not dependent on the occurrence of event E2 (and vice versa).
P(E1 AND E2) = P(E1) ∗ P(E2)
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Example of Probability Laws
Let E1 be the event that we choose a penny. Let E2 be the event
that we choose 2 nickels. Let E3 be the event that we choose 40
cents.
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Variables: Discrete and Continuous

Random variables: A numerical valued function defined on a
sample space.

Discrete random variables: A random variable that can assume
a countable number of outcomes.

Continuous random variables: A random variable that will
assume an infinitely large number of values corresponding to
the points on a line interval.
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Continuous Random Variable Properties

Consider a relative frequency histogram with small class
intervals.

A smooth curve provides a model for the population relative
frequency distribution.

Histogram relative frequencies are proportional to areas and
probabilities over the class intervals.

Relative frequencies sum to one. The total area under the curve
is one.
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Continuous Random Variable Interval Probabilities
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f (y) is the height of a curve
for a given value of y .
The probability that a
continuous random variable
falls in an interval between
two numbers a and b is equal
to the area under the curve
over the interval.
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The Normal Distribution
Suppose Y is a normally distributed random variable. The
height of the probability distribution for a specific value of y is
represented by f (y):

f (y) =
1

σ
√

2π
e

−(y−µ)2

2σ2
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Properties of Normal Distributions

Area: The area under the curve is one.

Symmetry: The distribution is symmetric around the mean.

Center: The mean and median are equal.

Probabilities for events which come from a normal distribution
may be found by determining the appropriate area under the
curve.
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The Standard Normal Distribution
If x is an observation from a normal distribution with mean µ
and standard deviation σ, the standardized value of x is

z =
x − µ
σ

z-score:
Tells us how many standard deviations the original observation is
from the mean.

Observations more than the mean are positive when
standardized.

Observations less than the mean are negative when
standardized.

If a variable X follows a normal distribution (N(µ, σ2)), then the

standardized variable Z =
X − µ
σ

follows a N(0,1) distribution.
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The Standard Normal Table

1170 Appendix

TABLE 1
Standard normal curve areas

z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09

�3.4 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0002
�3.3 .0005 .0005 .0005 .0004 .0004 .0004 .0004 .0004 .0004 .0003
�3.2 .0007 .0007 .0006 .0006 .0006 .0006 .0006 .0005 .0005 .0005
�3.1 .0010 .0009 .0009 .0009 .0008 .0008 .0008 .0008 .0007 .0007
�3.0 .0013 .0013 .0013 .0012 .0012 .0011 .0011 .0011 .0010 .0010

�2.9 .0019 .0018 .0018 .0017 .0016 .0016 .0015 .0015 .0014 .0014
�2.8 .0026 .0025 .0024 .0023 .0023 .0022 .0021 .0021 .0020 .0019
�2.7 .0035 .0034 .0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026
�2.6 .0047 .0045 .0044 .0043 .0041 .0040 .0039 .0038 .0037 .0036
�2.5 .0062 .0060 .0059 .0057 .0055 .0054 .0052 .0051 .0049 .0048

�2.4 .0082 .0080 .0078 .0075 .0073 .0071 .0069 .0068 .0066 .0064
�2.3 .0107 .0104 .0102 .0099 .0096 .0094 .0091 .0089 .0087 .0084
�2.2 .0139 .0136 .0132 .0129 .0125 .0122 .0119 .0116 .0113 .0110
�2.1 .0179 .0174 .0170 .0166 .0162 .0158 .0154 .0150 .0146 .0143
�2.0 .0228 .0222 .0217 .0212 .0207 .0202 .0197 .0192 .0188 .0183

�1.9 .0287 .0281 .0274 .0268 .0262 .0256 .0250 .0244 .0239 .0233
�1.8 .0359 .0351 .0344 .0336 .0329 .0322 .0314 .0307 .0301 .0294
�1.7 .0446 .0436 .0427 .0418 .0409 .0401 .0392 .0384 .0375 .0367
�1.6 .0548 .0537 .0526 .0516 .0505 .0495 .0485 .0475 .0465 .0455
�1.5 .0668 .0655 .0643 .0630 .0618 .0606 .0594 .0582 .0571 .0559

�1.4 .0808 .0793 .0778 .0764 .0749 .0735 .0721 .0708 .0694 .0681
�1.3 .0968 .0951 .0934 .0918 .0901 .0885 .0869 .0853 .0838 .0823
�1.2 .1151 .1131 .1112 .1093 .1075 .1056 .1038 .1020 .1003 .0985
�1.1 .1357 .1335 .1314 .1292 .1271 .1251 .1230 .1210 .1190 .1170
�1.0 .1587 .1562 .1539 .1515 .1492 .1469 .1446 .1423 .1401 .1379

�.9 .1841 .1814 .1788 .1762 .1736 .1711 .1685 .1660 .1635 .1611
�.8 .2119 .2090 .2061 .2033 .2005 .1977 .1949 .1922 .1894 .1867
�.7 .2420 .2389 .2358 .2327 .2296 .2266 .2236 .2206 .2177 .2148
�.6 .2743 .2709 .2676 .2643 .2611 .2578 .2546 .2514 .2483 .2451
�.5 .3085 .3050 .3015 .2981 .2946 .2912 .2877 .2843 .2810 .2776

�.4 .3446 .3409 .3372 .3336 .3300 .3264 .3228 .3192 .3156 .3121
�.3 .3821 .3783 .3745 .3707 .3669 .3632 .3594 .3557 .3520 .3483
�.2 .4207 .4168 .4129 .4090 .4052 .4013 .3974 .3936 .3897 .3859
�.1 .4602 .4562 .4522 .4483 .4443 .4404 .4364 .4325 .4286 .4247
�.0 .5000 .4960 .4920 .4880 .4840 .4801 .4761 .4721 .4681 .4641

z Area

�3.50 .00023263
�4.00 .00003167
�4.50 .00000340
�5.00 .00000029

.00000000

Source: Computed by M. Longnecker using the R function pnorm (z).

��

Shaded area = Pr(Z z)

0 z
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General Normal Distribution Word Problem
A machine that cuts corks for wine bottles operates in such a way that the
distribution of the diameter of the corks produced is normally distributed with
mean of 3 cm and a standard deviation of 0.1 cm.

Find the probability that a randomly selected cork will have a diameter
smaller than 2.4 cm.

The specifications call for corks with diameters between 2.75 and 3.325
cm. A cork not meeting the specifications is considered defective. What
proportion of corks produced by this machine are defective?
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Sampling Distribution Definition

Population parameters are fixed, unknown quantities.
Statistics vary depending upon the sample selected (i.e.,
statistics are random variables).
Sampling Distribution: the probability distribution for the values
of the statistic that results when random samples of size n are
repeatedly drawn from the population.
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Sampling Distribution Example
Suppose we have 50 exam scores for students in a statistics course. The
random variable Y = .
The mean of the scores is = 86.16.
The standard deviation of the scores is = 8.049236.
The distribution of exam scores is shown below:

Distribution of Individual Exam Scores
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Sampling Distribution for Varying n
Distribution of Mean Exam Scores 

 With n=2

Average Exam Scores
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Mean = 86.84
Std. Error = 5.701

Distribution of Mean Exam Scores 
 With n=5

Average Exam Score

F
re

qu
en

cy

70 80 90 100

0
10

20
30

40
50

60

Mean = 86.28
Std. Error = 3.1478

Distribution of Mean Exam Scores 
 With n=10

Average Exam Scores
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Distribution of Mean Exam Scores 
 With n=20
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Standard Error
If all possible samples of size n from a population with a mean
of µ and standard deviation σ are selected, the sampling
distribution of the mean has mean µ and standard deviation
σ/
√

n.

Standard error:

The Central Limit Theorem: If random samples of size n are
selected from a population with a finite mean, µ, and finite
variance, σ2, then when n is large, the distribution of the sample
mean will be approximately normal with mean µ and variance
σ2/n. The approximation becomes more and more accurate as
n becomes large.
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Sampling Distribution Example

A machine that cuts corks for wine bottles operates in such a
way that the distribution of the diameter of the corks produced is
normally distributed with mean of 3 cm and a standard deviation
of 0.1 cm.

Suppose that a random selection of 10 corks for wine bottles is selected.
Find the probability that the average diameter of corks is less than 2.9
cm.
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Inference About µ for a Normal Population
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Properties of a t Distribution
The mean is zero.
The distribution is symmetric about the mean.
The distribution has variance greater than 1; the variance approaches one as
the sample size n becomes large.
The distribution is less peaked at the mean and thicker at the tails than the
normal distribution.
The distribution approaches the standard normal distribution as the sample
size becomes large.

Standard Normal Distribution (Black) and 
 t−Distribution With 2 DF (Red)

0
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t-Distribution Table

1172 Appendix

TABLE 2
Percentage points of Student’s t distribution

Right-Tail Probability (A)

df .40 .25 .10 .05 .025 .01 .005 .001 .0005

1 .325 1.000 3.078 6.314 12.706 31.821 63.657 318.309 636.619
2 .289 .816 1.886 2.920 4.303 6.965 9.925 22.327 31.599
3 .277 .765 1.638 2.353 3.182 4.541 5.841 10.215 12.924
4 .271 .741 1.533 2.132 2.776 3.747 4.604 7.173 8.610
5 .267 .727 1.476 2.015 2.571 3.365 4.032 5.893 6.869

6 .265 .718 1.440 1.943 2.447 3.143 3.707 5.208 5.959
7 .263 .711 1.415 1.895 2.365 2.998 3.499 4.785 5.408
8 .262 .706 1.397 1.860 2.306 2.896 3.355 4.501 5.041
9 .261 .703 1.383 1.833 2.262 2.821 3.250 4.297 4.781

10 .260 .700 1.372 1.812 2.228 2.764 3.169 4.144 4.587

11 .260 .697 1.363 1.796 2.201 2.718 3.106 4.025 4.437
12 .259 .695 1.356 1.782 2.179 2.681 3.055 3.930 4.318
13 .259 .694 1.350 1.771 2.160 2.650 3.012 3.852 4.221
14 .258 .692 1.345 1.761 2.145 2.624 2.977 3.787 4.140
15 .258 .691 1.341 1.753 2.131 2.602 2.947 3.733 4.073

16 .258 .690 1.337 1.746 2.120 2.583 2.921 3.686 4.015
17 .257 .689 1.333 1.740 2.110 2.567 2.898 3.646 3.965
18 .257 .688 1.330 1.734 2.101 2.552 2.878 3.610 3.922
19 .257 .688 1.328 1.729 2.093 2.539 2.861 3.579 3.883
20 .257 .687 1.325 1.725 2.086 2.528 2.845 3.552 3.850

21 .257 .686 1.323 1.721 2.080 2.518 2.831 3.527 3.819
22 .256 .686 1.321 1.717 2.074 2.508 2.819 3.505 3.792
23 .256 .685 1.319 1.714 2.069 2.500 2.807 3.485 3.768
24 .256 .685 1.318 1.711 2.064 2.492 2.797 3.467 3.745
25 .256 .684 1.316 1.708 2.060 2.485 2.787 3.450 3.725

26 .256 .684 1.315 1.706 2.056 2.479 2.779 3.435 3.707
27 .256 .684 1.314 1.703 2.052 2.473 2.771 3.421 3.690
28 .256 .683 1.313 1.701 2.048 2.467 2.763 3.408 3.674
29 .256 .683 1.311 1.699 2.045 2.462 2.756 3.396 3.659

30 .256 .683 1.310 1.697 2.042 2.457 2.750 3.385 3.646
35 .255 .682 1.306 1.690 2.030 2.438 2.724 3.340 3.591
40 .255 .681 1.303 1.684 2.021 2.423 2.704 3.307 3.551
50 .255 .679 1.299 1.676 2.009 2.403 2.678 3.261 3.496
60 .254 .679 1.296 1.671 2.000 2.390 2.660 3.232 3.460

120 .254 .677 1.289 1.658 1.980 2.358 2.617 3.160 3.373
inf. .253 .674 1.282 1.645 1.960 2.326 2.576 3.090 3.291

Source: Computed by M. Longnecker using the R function qt (1 � a, df).

For 2-tailed tests and C.I.s use value in column headed by a/2.

Shaded area = �

t
0

�,
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Using the t Distribution Table

t0.05,7 =

t0.1,20 =

P(T15 > 2.75)

P(T4 < −9)
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Statistical Inference: an informed guess about a
population parameter

Estimation

Testing
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Estimation of µ

Estimator: a rule that tells us how to calculate an estimate
based on sample information

Point Estimator: a rule that estimates the parameter with a
single value

Unbiased Estimator: an estimator whose average value is equal
to the parameter being estimated

Estimate: a number calculated using an estimator
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Confidence Intervals
Interval estimator: a rule that provides two numbers that form
an interval which is likely to contain the parameter. The interval
is called a confidence interval.

Confidence coefficient: the fraction of times, in repeated
sampling, the interval estimates encompass the parameter to be
estimated.

Critical value: The value that has area α/2 to the right of it
under the curve.
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(1− α)100% Confidence Interval for µ

General interval:

Interval for µ:
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Example
Riddle and Bergström (2013) describe several experiments to examine
Phosphorus leaching from two soils. A table of results from one of the
experiments is reproduced below. There were four different rain
simulations used and two soil types (clay and sand). The amount of
drainage water collected from lysimeters was recorded.

Riddle, M. U. and Bergström, L. (2013). “Phosphorus leaching from two soils with catch crops

exposed to freeze-thaw cycles,” Agronomy Journal, 105(3): 803-811.
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Confidence Interval for Average Phosphorus Leaching

One Sample t-test

data: drain$drainage
t = 32.4017, df = 31, p-value < 2.2e-16
alternative hypothesis: true mean is

not equal to 0
95 percent confidence interval:
41.90197 47.53131
sample estimates:
mean of x
44.71664
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Behavior of Confidence Intervals

We want to balance the precision of the interval with the level of
confidence.

What happens to margin of error?

E =
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